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We characterize weakly Hamiltonian-connected tournaments and weakly 
panconnected tournaments completely and we apply these results to cycles and 
bypasses in tournaments with given irregularity, in particular, in regular and 
almost regular tournaments. We give a sufficient condition in terms of local and 
global connectivity for a Hamiltonian path with prescribed initial and terminal 
vertex. From this result we deduce that every 4-connected tournament is strongly 
Hamiltonian-connected and that every edge of a 3-connected tournament is 
contained in a Hamiltonian cycle of the tournament and we describe infinite 
families of tournaments demonstrating that these results are best possible. 
~TRODUCTION AND SUMMARY 
An undirected graph is Hamiltonian-connected if for any two vertices of 
the graph, there is a Hamiltonian path connecting them. There are two 
natural ways to generalize this concept to digraphs. We say that a digraph 
D is weakly Hamiltonian-connected if for any two vertices x, y of D, there is a 
Hamiltonian path from x to y or from y to x, and D is strongly Hamiltonian- 
connected if for any two vertices x and y, there is a Hamiltonian path from x 
to y and from y to x. A digraph D with n vertices is weakly panconnected if 
for any integer k, 3 < k < n - 1, and any two vertices x, y of D, there is a 
path of length k connecting x and y. A strongly panconnected digraph is 
defined analogously. 
We determine completely when two prescribed vertices of a given tourna- 
ment are connected by a Hamiltonian path. As a consequence of this it 
follows that for any three vertices of a strong tournament, there is a Hamilton- 
ian path connecting two of these vertices and we obtain a complete charac- 
terization of weakly Hamiltonian-connected tournaments. We extend this by 
showing that if two vertices of a tournament are connected by a Hamiltonian 
path, then they are, in fact, connected by paths of all possible lengths greater 
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than two, and thus we obtain a characterization of weakly panconnected 
tournaments. 
We apply these results to cycles and bypasses in tournaments. (As in [2], 
a k-bypass of an edge xy is a path of length k from x to y. A Hamiltonian 
bypass of xy is a Hamiltonian path from x to y.) We show that if x is a vertex 
of a tournament T with n vertices such that T - x is strong, then at least 
n - 5 edges incident with x have Hamiltonian bypasses. In particular, we 
obtain immediately Griinbaum’s characterization of tournaments with no 
Hamiltonian bypasses (see 13, 61). 
We define the irregularity i(T) of a tournament T as the maximum difference 
between the indegree and outdegree of a vertex. We show that if T has at 
least 5i(T) + 9 vertices, then T is strongly panconnected, and we describe 
tournaments T with 5i(T) + 3 vertices which are not strongly panconnected. 
For i(T) = 0, we obtain the result of Alspach [l] that every edge of a regular 
tournament is contained in cycles of all possible lengths and the result of 
Alspach et al. [2] that every edge of a regular tournament with pz > 7 vertices 
has k-bypasses for every k, 3 < k < n - 1. For i(T) = 1, we obtain the 
result of Jakobsen [6] that every edge in an almost regular tournament with 
n 3 8 vertices is contained in cycles of all lengths k, 4 < k < n, and we show, 
in addition, that every almost regular tournament with 10 or more vertices is 
strongly panconnected. 
An obvious necessary condition for a digraph D to be strongly Hamiltonian- 
connected is that D be 2-connected. For if x is any vertex of a strongly 
Hamiltonian-connected digraph D and y, z is any ordered pair of vertices of 
D - x, then a yz path in D - x is obtained by considering an xz Hamiltonian 
path of D. However, this condition is not sufficient, not even for tournaments. 
The regular tournament with five vertices (Fig. 1) is the smallest 2-connected 
tournament and it has five edges none of which has a Hamiltonian bypass. 
We show that there are even infinitely many 2-connected tournaments having 
an edge which is not in any Hamiltonian cycle and we describe infinitely 
many 3-connected tournaments which are not strongly Hamiltonian-connec- 
ted. This settles a problem of Overbeck-Larish [12]. We obtain as a sufficient 
condition for a tournament 7’ to contain an xy Hamiltonian path that T is 
2-connected and has three internally disjoint xy paths of length greater than 
one. Thus every edge of a 3-connected tournament is contained in a Hamil- 
tonian cycle and every 4-connected tournament is strongly Hamiltonian- 
connected. As an application we prove that every strong tournament contains 
a vertex x such that every edge of the form xy is contained in a Hamiltonian 
cycle. This extends the result of Goldberg and Moon [5] that every k-strong 
tournament has at least k distinct Hamiltonian cycles. 
We conclude with a remark on possible extensions to strongly Hamiltonian- 
connected digraphs with constraints on the degrees of Ghouila-Houri’s 
theorem [4], Meyniel’s theorem [9], and a result of the present paper. 
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1. TERMINOLOGY AND PRELIMINARIES 
A digraph (directed graph) D consists of a set V(D) of vertices and a set 
E(D) of ordered pairs xy of distinct vertices called edges. If xy is an edge of D, 
we say that x dominates y. The number of vertices dominating (resp. domi- 
nated by) vertex x is called the indegree (resp. outdegree) of x and is denoted 
d-(x) (resp. d+(x)). F or any subset A of V(D) u E(D), D - A denotes the 
subgraph of D obtained by deleting all vertices of A and their incident 
edges and then deleting the edges of A still present. We write D - x instead of 
D - {x}, when x E V(D) u E(D). The subgraph of D induced by a vertex 
set A of D is defined as D - (V(D)\A) and is denoted by D(A). A path is a 
digraph with vertex set {x, , x2 ,..., x,> and edge set (x,x, , x2x3 ,..., x,-1x,}. 
This path is called an x1x, path and is denoted xlxz .a* x, . Vertex x1 (resp. x,) 
is the initial (resp. terminal vertex). A path from x to y is an xy path and a 
path connecting x and y is either an xy path or a yx path. The cycle x,x2 ..a 
x,x1 is the digraph obtained from the path x1x2 ... x, by adding the edge 
x,x1 . A component D’ of a digraph D is a maximal subgraph such that for any 
two vertices x, y of D’, D’ contains an xy path and a yx path. A digraph D is 
strong if it has only one component, and D is k-connected if for any set A 
of at most k - 1 vertices, D - A is strong. By Menger’s theorem, D is 
k-connected if and only if for each ordered pair x, y of vertices, D contains k 
internally disjoint xy paths. 
A tournament (resp. semicomplete digraph) is a digraph such that each pair 
of vertices is joined by precisely (resp. at least) one edge. If D is a semi- 
complete digraph with components D1, D2,. . ., Dk we can assume that whenever 
i < j, each vertex of Di dominates each vertex of Dj. We refer to Di as the 
i’th component of D and to D1 and D” as the initial and terminal components, 
respectively. 
A Hamiltonian path (resp. cycle) of a digraph D is a path (resp. cycle) 
including every vertex of D. Every semicomplete digraph has a Hamiltonian 
path and every strong semicomplete digraph has a Hamiltonian cycle. If D 
is a semicomplete digraph that is not strong and v (resp. w) is a vertex of the 
initial (resp. terminal) component, then D contains VW paths of all lengths 
1, 2,..., n - I, wheren = 1 V(D)/. IfP: x1x2 . .a X, is a path in a semicomplete 
digraph D and x is a vertex not in the path such that x is dominated by some 
xi and dominates some xj with i < j, then D contains an x1x, path P’ of the 
form xl& “’ xkxxk+l “’ x, where i < k <j - 1. We say that P’ is an 
augmentation of P. 
The irregularity i(T) of a tournament T is max 1 d+(x) - d-(x)/ over all 
vertices x of T. If i(T) = 0, then T is regular and if i(T) = 1, then T is 
almost regular. Clearly i(T) + 1 V(T)/ = 1 (mod 2). Any tournament T with n 
vertices contains a vertex of outdegree at most g(n - 1) and it contains one 
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of outdegree less than +(n - 1) unless i(T) = 0. Every vertex of T has out- 
degree at least &(n - 1 - i(T)). 
We establish notation for some special tournaments. The unique tourna- 
ment with two vertices is denoted T2 . The unique regular tournament with 
three (resp. five) vertices is denoted T3C (resp. Tsc) (see Fig. 1). The unique 
strong tournament with four vertices is denoted T4*. It has a unique 
Hamiltonian cycle and two vertices which are not adjacent on this cycle are 
called opposite. Tournaments T6*, Tas, TBs, F’,s are shown in Fig. 2 and 3. 
FIG. 1. The regular tournaments with five or fewer vertices. 
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Three non-weakly-Hamiltonian-connected almost regular tournaments. 
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Note that the deletion of x and y from T,* (resp. TSs) results in Tea (resp. TCs). 
Also, T’s (resp. T8*) is obtained from T8* (resp. T& by reversing the direction 
of a single edge. However, it is easy to see that T,* (resp. T8*) is isomorphic 
to the complement of T,s (resp. T#), i.e., the tournament obtained by revers- 
ing the direction of all edges. If T1, P, T3 are tournaments, then T3c[ ;P, T2, T3] 
will denote the tournament which is obtained from the disjoint union 
T1 u T2 u T3 by letting each vertex of Ti dominate each vertex of Tifl for 
i= 1, 2, 3 (here T4= T1). 
For the basic properties of tournaments, the reader is referred to [6] and 
[lo] and for more recent results in tournament theory, to [3]. 
2. WEAKLY HAMILTONIAN-CONNECTED TOURNAMENTS 
We first determine when two prescribed vertices X, y are connected by a 
Hamiltonian path in a tournament. 
THEOREM 2.1. Let T be a tournament and x, y distinct vertices of T. Then 
T has a Hamiltonian path from x to y or from y to x unless one condition of 
(i)-(iv) below is satisfied, in which case T has no Hamiltonian path connecting x 
and y. 
(i) T is not strong and either the initial or the terminal component of T 
(or both) contains none of x, y. 
(ii) T is strong, T - x is not strong, and y belongs to neither the initial 
nor the terminal component of T - x. 
(iii) T is strong, T - y is not strong, and x belongs to neither the initial 
nor the terminal component of T - y. 
(iv) T is isomorphic to Tea or TBs and x and y are as shown in Fig. 2 (or 
interchanged on this figure). 
Before we prove the theorem we note the following immediate corollary: 
COROLLARY 2.2. For any three vertices 
Hamiltonian path connecting two of them. 
ofa strong tournament there is a 
For suppose x, y, z are distinct vertices of a strong tournament T and that T 
has no Hamiltonian path connecting x and y. Then (ii), (iii), or (iv) of Theo- 
rem 2.1 is satisfied. If (iv) holds, it is easy to find a Hamiltonian path connect- 
ing x and z, so assume w.1.g. that (ii) holds. If z belongs to the initial or the 
terminal component of T - x, there is a Hamiltonian path connecting x 
and z. If not, then T - z is strong and also T - y is strong. But then T has a 
Hamiltonian path connecting z and y by the theorem. 
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Proof of Theorem 2.1. It is easy to see that if one condition of (i)-(iv) 
holds, then T has no Hamiltonian path connecting x and y. We prove by 
induction on n, the number of vertices of T, that the converse is true as well. 
So we assume that T has no Hamiltonian path connecting x and y. If T, 
T - X, or T - y is not strong, then it is easy to see that (i), (ii), or (iii) 
holds. So assume T, T - X, and T - y are all strong and we shall prove 
that (iv) holds. 
If n = 4, then T SI! T4S and x and y are opposite. However, then (ii) or 
(iii) holds, a contradiction. So assume n > 5. If T - (x, y> is not strong, then 
x dominates some vertex x’ of the initial component of T - {x, r>, because 
T - y is strong, and similarly, y is dominated by some vertex y’ of the terminal 
component of T - (x, y>. Now, a Hamiltonian path of T - {x, u> from x’ 
to y’ can be extended into a Hamiltonian path of T from x to y. 
So we assume that T - (x, JJ> is strong and we let z1z2 *** z,-~.z~ be a 
Hamiltonian cycle of T - (x, v>. Assume w.1.g. that x dominates z1 . Then 
z,-~ does not dominate y so y dominates z,-~ . By symmetry, x dominates 
zn+ and y dominates z,+ , etc. Since T is strong it follows that n is even and x 
dominates z1 , z3 ,..., z,-~ , and y dominates z2, zq ,..., znV2 . Since T - x is 
strong, y is dominated by some zi with i odd. By the same reasoning as 
above, it follows that y (resp. x) is dominated by each zi with i odd (resp. 
even). If n = 6 it follows that T is isomorphic to either Tss or Ti,* and that 
x and y are as described in (iv). Tf n > 8, then by the induction hypothesis, 
T - (x, y> contains a Hamiltonian path connecting two of the vertices 
Zl , z, 7 z5 - But this path can be extended into an zcy Hamiltonian path of T, 
a contradiction. 
The proof is complete. 
Corollary 2.2 holds more generally for semicomplete digraphs. For every 
strong semicomplete digraph has a Hamiltonian cycle and contains therefore 
a strong spanning subtournament. Theorem. 2.1 is also valid for semi- 
complete digraphs except that there are some more exceptions with four or 
six vertices. 
As an immediate consequence of Theorem 2.1, we get a characterization of 
weakly Hamiltonian-connected tournaments. 
THEOREM 2.3. A tournament T with at least three vertices is weakly 
Hamiltonian-connected, if and only if it satisJes (i), (ii), and (iii) below. 
(i) T is strong. 
(ii) For each vertex x of T, T - x has at most two components. 
(iii) T is not isomorphic to any of T&3, T,s 
We also get the following results on Hamiltonian bypasses: 
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COROLLARY 2.4. If T is a strong tournament with n vertices and x is a vertex 
of T such that T - x is strong, then at least n - 5 edges incident with x 
have a Hamiltonian bypass. 
Proof. If d+(x) > 3, consider any three vertices x1 , x2 , x3 dominated by 
x. By Corollary 2.2, T - x has a Hamiltonian path joining two of the 
vertices x1, x2, x3. By extending this into a Hamiltonian path of T, we 
obtain a Hamiltonian bypass of one of the edges xxi , 1 < i < 3. Since this 
holds for any three vertices dominated by x it follows that at least d+(v) - 2 
edges going out from x have a Hamiltonian bypass. Similarly at least d-(v) - 2 
edges going into x have a Hamiltonian bypass and the result follows. 
COROLLARY 2.5 (Grtinbaum [6, p. 2111). If T is a tournament with 
n >, 3 vertices, then T has an edge having a Hamiltonian bypass unless T is 
isomorphic to T3C or the tournament of 16, Fig. 16.8a]. 
Proof. Suppose T contains no edge having a Hamiltonian bypass. Then 
T is strong so if n = 3, T N T3c. If n = 4, then T N T4*, which has an edge 
with a Hamiltonian bypass. So assume n > 5. T contains a vertex x such that 
T - x is strong. It follows from the proof of Corollary 2.4, that n = 5 and 
d+(x) = d-(x) = 2. Moreover, T - x N T4* and now it is easy to see that 
T is isomorphic to the tournament of [6, Fig. 16.8a]. 
3. WEAKLY PANCONNECTED TOURNAMENTS 
LEMMA 3.1. Let T be a tournament with n 2 5 vertices and let x and y be 
vertices connected by a Hamiltonian path of T. Then x and y are also connected 
by a path of length n - 2 of T. 
Proof. Let x1x2 +.. x, be a Hamiltonian path, where x1 = x, x, = y. If 
xi dominates xi+2 for some i < n - 2, we have finished, so assume xi+2 
dominates xi for each i < n - 2. 
We shall prove, by using Theorem 2.1, that T - x,-~ contains a Hamil- 
tonian path connecting x = x1 and y = x, . Obviously, each of the tourna- 
ments T - x, , T - x1 , T - {x, , x,-~} is strong. In particular, T - 
CL Y x,-~} has a Hamiltonian path terminating at x1 . If x, dominates the 
initial vertex of this path, we get a path of length n - 2 from x, to x1 , so 
we can assume that x, is dominated by the initial vertex of this path. If 
n > 6, then obviously T - (x, , x,-~ , x,> is strong and since x, dominates a 
vertex of this tournament (namely x,-~) and is dominated by one, it follows 
that also T - (x, , x,-~) is strong. If n = 5, the lemma is easily verified 
so assume n > 6. Summarizing, each of the tournaments (T - x,-,) - x, , 
V- x,-,) - x1 is strong. By Theorem 2.1, T - x,-~ has a Hamiltonian 
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path connecting x and y unless T - x,-~ is isomorphic to one of Tss, 
F.8. But Tss and T6s contains a path of length 4 = n - 3 from x to y. Since 
x,-~ dominates y, we can augment the above mentioned path to get a path 
of length 5 = n - 2 from x to y unless x6 = x,-~ dominates every vertex 
of the path. But in that case X,X,X,X~X,X~ is a yx path of length 5. 
Combining Lemma 3.1 with Theorem 2.3, we get 
THEOREM 3.2. Two vertices of a tournament T are connected by a path of 
length k, 3 < k, if and only tf they are connected by a path of length >k. In 
particular, T is weakly panconnected if and only if it is weakly Hamiltonian- 
connected, that is, if it satisjies (i), (ii), and (iii) of Theorem 2.3. 
Using Theorem 3.2 it is easy to decide whether or not two vertices x, y of a 
tournament T are connected by a path of a given length k, 3 < k. It is 
sufficient to find the maximum length of a path connecting x and y. If x and 
y belong to distinct components of T, this is easy, so assume T is strong. If 
T - x, T - y are both strong, x and y are connected by a Hamiltonian path 
unless T cc T6S or T N T$. So assume T - x is not strong and has compo- 
nents T1, T2,..., T”. If y E Tk, then the maximum length of a path from x to y 
(resp. y to X) is Cg”,, 1 V(Ti)/ (resp. czk 1 V(Ti>j). 
COROLLARY 3.3. A 2-connected tournament is weakly panconnected 
unless it is isomorphic to Tss or F6s. 
Combining Corollary 2.2 and Lemma 3.1, we get 
COROLLARY 3.4. If x, y, z are distinct vertices of a strong tournament 
and k is any integer, 1 < k < n - 1, then there is a path of length k connecting 
two of the vertices x, y, z. 
COROLLARY 3.5. If x and y are vertices of a 2-connected tournament T 
such that T has three distinct xy paths of length 2, then T contains paths of all 
lengths 22 from x to y. 
Proof. Let z,, z2, 3 z be distinct vertices such that zi dominates y and is 
dominated by x for i = 1, 2, 3. If T - (x, y> is strong, it contains, by 
Corollary 3.4, paths of all possible lengths connecting two of the vertices 
Zl Y z, , z3 and we get paths of all possible lengths 22 from x to y. On the 
other hand, if T - (x, y> is not strong, we select a vertex x’ dominated by x 
in the initial component of T - {x, y> and a vertex y’ dominating y in the 
terminal component of T - {x, y}. Vertices x’, y’ exist because T is 2- 
connected. Now T - (x, y> contains x’y’ paths of all possible lengths and the 
proof is complete. 
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Figure 3 shows that Corollary 3.5 becomes false if we only assume that 
T has two distinct xy paths of length two even if we assume that T is 3- 
connected. The tournaments T of Fig. 3 have no xy Hamiltonian path since 
T - {x, y} N 7’,* or T6*. But for 3-connected tournaments we have 
COROLLARY 3.6. If x and y are vertices of a 3-connected tournament T 
containing two distinct xy paths of length two, then T has xy paths of all 
lengths (except possibly four) unless T is isomorphic to T,” or F8a of Fig. 3 and 
x, y are as shown in the figure. 
Proof. Let z 1 , z2 be distinct vertices such that zi dominates y and is 
dominated by x for i = 1,2. Suppose there is a k # 4 such that T has no xy 
path of length k. Then clearly k > 5 and T - {x, y>, which is strong, has no 
path of length k - 2 connecting z1 and z2. We show that both T - (x, y, z,} 
and T - (x, y, z,} are strong. For suppose T - {x, y, zl), say, is not strong. 
Since 7’ - z1 is 2-connected we get xy paths of all lengths >,2 in T - z, 
as in the proof of Corollary 3.5. In particular, we get an xy Hamiltonian path 
in T - z1 and since z1 dominates y and is dominated by x we obtain, by 
augmentation, an xy Hamiltonian path of T. But this is contrary to our 
assumption, so we conclude that T - (x, y, ZJ and T - {x, y, z,> are both 
strong. But then, by Theorem 2.1, T - (x, y} N T$ or TGs. As T is 3- 
connected it easily follows that T N Tgs or Tss of Fig. 3. 
4. APPLICATIONS TO CYCLES AND BYPASSES 
IRREGULARITY 
IN TOURNAMENTS WITH GIVEN 
We first consider the connectivity of tournaments with given irregularity. 
LEMMA 4.1. Let T be a tournament with n vertices and i(T) < k. Then 
the connectivity of T is at least Q(n - 2k) and T has connectivity precisely 
Q(n - 2k) if and only if n = 2k (mod 3) and T can be described as T3C[ T1, T2, T3], 
where each of T1, T2 is a regular tournament with $(n + k) vertices and T3 
has Q(n - 2k) vertices and i(T3) < k. 
Proof. Suppose first i(T) < k and let S be any set of vertices such that 
T - S is not strong. Put s = 1 S I. We show that s > Q(n - 2k). Suppose 
w.1.g. that the terminal component of T - S has <Q(n - s) vertices and 
consider a vertex which in this component has minimum outdegree which is 
<Q * ($(?z - s) - 1). In T, this vertex has outdegree <s + &(n - s - 2). 
On the other hand, every vertex of T has outdegree at least Q(n - k - 1) 
because i(T) < k, so +(n - k - 1) < &(n + 3s - 2), which implies 
s > Q(n - 2k). If s = +(n - 2k), then the inequalities above are equalities. 
In particular, the terminal component of T - S, which we denote by T2, is a 
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regular tournament with &(n - s) vertices and each of these vertices dominates 
each vertex of S. Then the initial component of T - S, which we denote by 
T1, has at most &(n - s) vertices and it follows, by symmetry, that this 
component is also a regular tournament with Q(n - s) vertices and that each 
of these vertices is dominated by each vertex of S. If T3 denotes T - 
[V(F) u V( T2)], then T = Tsc[ T1, T2, T3], where i( T3) < i(T) < k. If 
conversely T = r,C[T1, T2, T3], where TI, T2, T3 are as described in the 
lemma, then clearly T has connectivity \<Q(n - 2k). Moreover, i(T) = 
max(i(T3), k) = k, so by the first part of the proof, T has connectivity 
precisely Q(n - 2k). 
If we combine Lemma 4.1 with Corollary 3.4, we get 
COROLLARY 4.2. If T is a tournament with n > 5k + 21 vertices and 
i(T) < k, then T is strongly panconnected. 
Proof. By Lemma 4.1, T is 4-connected. Let X, y be any vertices of T. 
We show that for each m, 3 < m < n - 1, there is a path of length m from 
x to y. Let A (resp. B) be the set of vertices of T - (x, y> dominated by x 
(resp. dominating y). We shall show that there is a vertex of A dominating 
at least three vertices of B. If 1 A n B 1 >, 6, this is obvious so assume 
1 A n B 1 < 5, in particular A\B # 0 and ] A u B 1 3 2(+(n - 1 - k) - 1) - 5. 
Since I B 1 > &(n - k - 3) > 2k + 9 and I V(T)\(A u B u {x, y>)l < 
k + 6 an easy calculation shows that every vertex u E A\B which in T(A\B) 
has outdegree <Q I A\B 1 dominates at least three vertices of B because 
d+(u) > d-(u) - k. Now let u E A\B and z1 , z2 , z3 E B such that uzi E E(T) 
for i = 1, 2, 3. By Corollary 3.4, T - {x, y, u} has paths of all possible 
lengths connecting two of the vertices z1 , z2 , z3 and we get xy paths of all 
possible lengths 23. 
By refinements of the arguments above we shall obtain better results for 
all k and best possible results for k = 0, 1. 
LEMMA 4.3. Let T be a tournament with n 3 5 vertices and i(T) = k. 
Let x, y be vertices and suppose that T - (x, y> does not contain three vertices 
v, IV1 , w2 such that the edges xv, yv, vwl , w2, w,y, w,y are all present in T. 
Then we have 
(a) If T does not contain an xy path of length 2, then n < 5k + 5. 
(b) If T does not contain an xy path of length 2, and y dominates x, then 
n<5k- I. 
(c) If T does not contain two distinct xy paths of length 2, then n < 
5k + 7. 
(d) If T does not contain two distinct xy paths of length 2 and y dominates 
x, then n < 5k + 1. 
58zb/z8/z-4 
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Proof. Let A (resp. B) be the set of vertices of T - {x, y> dominated 
by x (resp. dominating JJ). Then the assumption implies that no vertex of 
A\B dominates two vertices of B. Put a = 1 A I, b = 1 B I. Now suppose 
assumption (c) holds, and suppose in addition that A n B = (z>. Since 
i(T) < k, we have a > +(n - 3 - k), b > Q(n - 3 - k). The subtourna- 
mm TM\{ z >> contains a vertex u of outdegree <*(a - 2) in T(A\(z}). The 
set V(T)\(A u B u (x, v}) has cardinality n - (a + b + 1). Thus 
Q(n - 1 - k) < d+(u) < +(n - 2a + 1 + k) + 1 + Q(a - 2) 
= +(n + 1 + k) - ia < +(n + 1 + k) - $(n - 3 - k) , 
implying n < 5k + 7. 
If assumption (d) holds and / A n B 1 = 1 we argue similarly except that 
now a > Q(n - 1 - k), b > +(n - 1 - k), 
I VY\[A u 13 u CG All < n-(a+b+l)<n-a-1-*(n-l-k), 
and we get the inequality 
$(n - 1 - k) < d+(u) < +(a - 2) + Q(n - 2 + k - 1) + 1 
= Q(n + k - 1) - -t 2a < $(n + k - 1) - &(n - 1 - k), 
which implies 
n <5k+ 1. 
If the assumption of (a) or (b) holds, we have A n B = ~zr and we let u 
be a vertex of outdegree < +(a - 1) in T(A). By arguments similar to those 
above we prove (a) and (b), and the proof of the lemma is complete. 
Consider a tournament T containing two vertices x and y such that 
V(T)\{x, y> is the union of three sets A, B, C with the properties 1 A 1 = 
IBI =2k, IAnBI = 1, (AuB)nC= 0, ICI =k+2. Moreover, 
T(A\B) and T(B\A) are regular, and each vertex of C is dominated by each 
vertex of (A\B) u {u} and dominates each vertex of @\A) u {x}. Also, x 
dominates y and each vertex of A and no other vertex, and y is dominated 
by x and each vertex of B and no other vertex. No vertex of A dominates 
a vertex of B and the vertex in A n B dominates and is dominated by at least 
one vertex of C. Then T has n = 5k + 3 vertices and irregularity k, and T 
has no xy path of length 3. 
LEMMA 4.4. Let T be a tournament with n 3 5k + 3 vertices and i(T) < k 
and let x, y be two vertices of T. Then T has an xy path of length 3 unless T 
and x and y are as described above. 
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Proof. Suppose T has no xy path of length 3. Define A and B as in 
Lemma 4.3. Then clearly 1 A n B 1 < 1. Put C = V(T)\(A u B u {x, y>). 
Since 1 A 1 > j&t - k - 3), 1 B 1 > +(n - k - 3), we have I C I < k + 2. 
If A n B = 0 we select a vertex u which in T(A) has outdegree <i I A 1. 
Since u dominates no vertex of B, by assumption, we have 
d-64 - d+(u) > I B I + 2 - 1 C I 3 i(n - k - 3) + 2 - (k + 1) > k + 1, 
a contradiction. So I A n B / = 1. Now select a vertex u of minimum out- 
degree in T(A\B). (We can assume A\B # o for otherwise k = 0, n = 5, and 
T = TSc, which has an xy path of length 3.) If u has outdegree <+(I A\B I - 2), 
then 
d-(u)--+(u) > 1 + lB/ +2- 1 Cl 3 k+ 1, 
a contradiction. So it follows that T(A\B) is regular and that each vertex of A 
dominates each vertex of C. The rest of the lemma follows by similar argu- 
ments. 
THEOREM 4.5. Let T be a tournament with n vertices and i(T) < k and let 
x, y be vertices of T. If yx is an edge of T and n > 5k + 3, then yx is contained 
in cycles of all lengths m, 4 < m < n, and ifxy is an edge of T and n > 5k + 9, 
then xy has bypasses of all lengths m, 3 < m < n - I. In particular, a tourna- 
ment with n vertices and irregularity at most +(n - 9) is strongly panconnected. 
Proof. Let A (resp. B) be the set of vertices of T - (x, y> dominated by x 
(resp. dominating y). Suppose first that T is not 3-connected. Then by Lemma 
4.1, Q(n-2k)<2. Since na5k+3 we get k=O, n<5 or k=l, 
n = 8. If k = 0, n < 5, then T N Tat or TSc, whose edges are contained in 
cycles of all possible lengths, and if k = 1, n = 8, then by Lemma 4.1, T is 
isomorphic to TSc[T2 , T3 C T3C], which is strongly panconnected. ,
So we assume that T is 3-connected. Suppose next that T contains a vertex 
v in A such that T - {x, y, v> is not strong. Since T is 3-connected, x (resp. y) 
dominates (resp. is dominated by) some vertex of the initial (resp. terminal) 
component of T - (x, y, v} and using this it is easy to describe xy paths of 
all lengths m, 3 < m < n - 2, and since x dominates v, we obtain, by 
augmentation, an xy Hamiltonian path of T. So the proof is complete in 
this case. 
So we assume that for any vertex v of A, T - (x, y, v} is strong and by 
symmetry, for any v in B, T - (x, y, v> is strong. We consider next the case 
where there exists a path xv,v~ such that T - (x, v1 , v2 , y} is not strong. 
Then v1 (resp. v,) dominates (resp. is dominated by) some vertex of the 
initial (resp. terminal) component of T - (x, v1 , v2 , y> and we observe for 
later purposes that we get xy paths of all lengths m, 5 < m < n - 1, in 
this case. 
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Now suppose 1 A n B j 3 2 and let z1 , z2 E A n B. By the assumptions 
above, T - {x, y}, T - (x, y, q), and 7’ - {x, y, zz> are all strong so by 
Theorems 2.1 and 3.2, T - (x, y> contains paths of all lengths m, 3 < m < 
n - 3, connecting z1 and z2 unless T - (x, y> is isomorphic to Ts* or T8* 
and z 1 , z2 are as described in Theorem 2.1 (iv). In the latter case we have 
n = 8andk < 1. S ince k = 0 implies n odd, we have k = 1 and y dominates 
X. Since d+(x) > 3, x dominates a vertex z3 of Te* (or T$) distinct from 
z1 , z2 and now it is easy to find xy paths of all lengths 22. If T - (x, y} is 
not isomorphic to Ts* or T $, then we get paths from x to y of lengths 2, 3 
and of all lengths 25. So it remains to describe an xy path of length 4 in 
the case 1 A n B 1 > 2. If y dominates X, we consider, by Lemma 4.4 an 
xzl path of length 3. This path does not contain y so we have an xy path of 
length 4. If x dominates y (and hence n >, 5k + 9) we consider T - z1 , 
which has >5(k + 1) + 3 vertices and i( T - z,) = k + 1. By Lemma 4.4, 
T - z1 contains an xy path of length 3 or 4. If it contains one of length 4 
we are done, and if it contains one of length 3, say, xquy, then T((x, y, ul, 
u2 , zl}) has an xy path of length 4 and the proof is complete if 1 A n B 1 3 2. 
In what follows, therefore, assume that 1 A n B 1 < 1. By Lemma 4.3(c, d), 
T - {x, y} contains vertices v, w1 , w2 such that the edges XV, yv, vwl , vw2 , 
wly, w,y are all present in T. We have assumed that both T - {x, y> and 
T - {x, y, v> are strong. Furthermore, we have observed that if T - (x, y, 
v, w,> is not strong, then T contains xy paths of all lengths 35. But clearly T 
contains xy paths of lengths 3 and 4, respectively, so we can assume that 
T - {x, y, v, w,} is strong, and by symmetry, that T - (x, y, v, w,> is strong. 
But then by Theorems 2.1 and 3.2, T - (x, y, vj contains paths of all 
lengths >,3 connecting w1 and w2 unless T - (x, y, v> is isomorphic 
to T** or T**. In the latter case, we have, i.e., k = 0. So v dominates 
a vertex ~7~ distinct from w1 , w, and now it is easy to find paths of 
all lengths 33 from x to y. If on the other hand, T - (x, y, v> contains 
paths of all lengths 33 connecting w1 and w2 , then T contains xy paths of 
all possible lengths 33, except possibly 5. Since 1 A n B 1 < 1 we can assume 
w.1.g. that x does not dominate w1 . Consider, by Lemma 4.4, a vwl path of 
length 3. This path contains neither x nor y, so we get an xy path of length 5 
and the proof is complete. 
The tournaments described in Lemma 4.4 show that there are tournaments 
T with i(T) = k and 5k + 3 vertices which are not strongly panconnected, 
so Theorem 4.5 is close to best possible. For k = 0, 1 we shall obtain best 
possible results. 
COROLLARY 4.6 (Alspach [l]). If e is an edge of a regular tournament 
with n vertices, then e is contained in cycles of all lengths m, 3 < m < n. 
Proof. It is easy to see that e is contained in a cycle of length 3, so the 
corollary follows from Theorem 4.5. 
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COROLLARY 4.7 (Alspach et al. [2]). If e is an edge of a regular tournament 
with n > 7 vertices, then e has bypasses of all lengths m, 3 < m < n - 1. 
Proof. If n >, 9 we apply Theorem 4.5. There are only three regular 
tournaments with seven vertices (see, e.g., [S]) and it is easy to verify that 
eaoh of these has the desired properties. 
Corollary 4.7 is best possible, since the unique regular tournament with 
five vertices is not Hamiltonian-connected. 
COROLLARY 4.8 (Jakobsen [7]). If e is an edge of an almost regular 
tournament with n > 8 vertices, then e is contained in cycles of all lengths m, 
4<m<n. 
Corollary 4.8 is best possible in the sense that it is easy to show that e 
need not be in a cycle of length 3 and in the sense that the corollary fails 
for n = 6. There are precisely five nonisomorphic almost regular tourna- 
ments with six vertices (see, e.g., [lo, p. 951) and as previously noted, T$ and 
T$ do not satisfy the conclusion of the corollary. The other three almost 
regular tournaments with six vertices can be shown to satisfy the conclusion 
of the corollary. 
COROLLARY 4.9. If e is an edge of an almost regular tournament with 
n > 10 vertices, then e has bypasses of all lengths m, 3 < m < n - 1. 
Proof. If n >, 14 we apply Theorem 4.5 so we shall only consider the 
cases n = 12, n = 10, respectively. Let e = xy and define A and B as in the 
proof of Theorem 4.5 and put C = V(T)\@ u B u (x, y}). If 1 A n B 1 > 2 
or some vertex of A dominates two vertices of B or (by symmetry) some 
vertex of B is dominated by two vertices of A, then we argue as in Theorem 
4.5. So assume the opposite. If A n B = O, then by Lemma 4.3, n = 10, 
and a close inspection of the proof of Lemma 4.3(a) shows that 1 A 1 = 
1 B 1 = 3,j C 1 = 2, and T(A) N T(B) N Tsc, and each vertex of C dominates 
(resp. is dominated by) each vertex of B (resp. A). Now it is easy to complete 
the proof in this case. So we can assume I A n B 1 = 1. Again, by a close 
inspection of Lemma 4.3(c), we easily complete the proof for n = 12 and, 
with a little more effort, for n = 10 as well. These details are left for the 
reader. 
The tournaments T8s, T$ show that Corollary 4.9 is not true for n = 8. 
5. STRONGLY HAMILTONIAN-CONNECTED TOURNAMENTS 
We begin this section with a condition for a Hamiltonian path with given 
initial and terminal vertices in a tournament. For this we need the following 
result, which is of independent interest. 
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PROPOSITION 5.1. Let T be a tournament and let D be a maximal acyclic 
spanning subgraph of T. Then D has a Hamiltonian path. 
Proof. Since D is acyclic we can label the vertices x1 , x2 ,..., x, of D 
such that no xi dominates xi , when j > i. Since D is maximal acyclic, we 
claim any two vertices X, y of D are connected by a path. If the edge e joining 
x and y is present in D, this is obvious and if e is not present, then D u {e> 
contains a cycle C and hence C - e is either an xy path or a yx path. In 
particular, D contains an x~x~+~ p ath for each i. Any such path must have 
length one, so x1x2 *.. X, is a Hamiltonian path of D. 
THEOREM 5.2. Let T be a tournament and x, y distinct vertices of T. Then 
T has an xy Hamiltonian path if and only if T has a spanning acyclic subgraph 
D such that for each vertex z of T, D contains an xz path and a zy path. 
Proof. The necessity is obvious, so assume D is as described in the theo- 
rem. Let D’ be a maximal acyclic subgraph of T containing D. By Proposition 
5.1, D’ has a Hamiltonian path starting at, say, x’ and terminating at, say, 
y’. Then D’ contains an x’x path and, by assumption D (and hence D’) 
contains an xx’ path. Since D’ is acyclic x = x’. Similarly, y = y’. 
We note in passing that Proposition 5.1 has other consequences which 
may be of interest. Consider a Hamiltonian path P: x1x2 ..* x, in a tourna- 
ment T and let D be the spanning subgraph of T containing all edges of T 
which are of the form xixi , i < j. Then D is maximal acyclic and we say that 
D is generated by P. By Proposition 5.1, by Redei’s theorem about the parity 
of the number of Hamiltonian paths in tournaments, and by the observation 
that a subset E’ of E(T) is the edge set of a maximal acyclic spanning sub- 
graph if and only if E(T)\E’ is a minimal set of edges whose removal results 
in an acyclic digraph, we have 
COROLLARY 5.3. Every maximal acyclic subgraph of a tournament T 
is generated by a (unique) Hamiltonian path of T. The number of maximal 
acyclic subgraphs of T equals the number of minimal sets of edges intersecting 
every cycle of T, and this number is odd. 
The next theorem provides a sufficient condition for the existence of an xy 
Hamiltonian path in a tournament. It turns out to be convenient, for technical 
reasons, to formulate it for semicomplete digraphs. 
THEOREM 5.4. Let D be a 2-connected semicomplete digraph and let 
x, y E V(D). Then D contains an xy Hamiltonian path if either (i) or (ii) below 
is satisfied. 
(i) D contains three internally disjoint xy paths each of length at least 2. 
(ii) D contains a vertex z which is dominated by all vertices of T except 
possibly x, and D contains two internally disjoint xy paths of length at least 2 
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and a zy path (possibly of length I) having only y in common with the above 
mentioned xy paths. 
Proof. We use induction on n = 1 V(D)I. If n = 5 the statement is 
easily verified, either directly or by using Proposition 5.2. So assume n > 6. 
We can also assume that D - {x, y> is strong by the same argument as that 
in Theorem 2.1. 
Suppose first that D - x is 2-connected. If one of the xy paths described 
in (i) or (ii) has length >2, we let x’ be the successor of x in this path and 
we add to D - x all edges of the form x’u, where xu is an edge of T. Then 
clearly the resulting digraph satisfies the assumption of the theorem (with 
x’ instead of X) and contains therefore, by the induction hypothesis, an 
x’y Hamiltonian path. Then either D or D - x’ contains an xy Hamiltonian 
path and if D - x’ has an xy Hamiltonian path, we can augment this so as 
to get an xy Hamiltonian path of D. 
So we assume that the xy paths in (i) or (ii) all have length 2. If (i) holds, 
then by Corollary 2.2, D - (x, y> has a Hamiltonian path connecting two of 
the three intermediate vertices of the xy paths and we get an xy Hamiltonian 
path of D. If (ii) holds, we let z1 , z be the intermediate vertices of the two 2 
xy paths. If D - (x, y, z,} is not strong, then z belongs to the terminal 
component of this tournament (because it is dominated by all other vertices) 
and this component contains a vertex dominating y (because D - {x, z,} 
contains a zy path). But since z1 dominates a vertex of the initial component 
of D - (x, y, zl}, we easily get an xy Hamiltonian path of T. So we assume 
that D - {x, y, zl} and (by symmetry) D - {x, y, zz} are strong. If D - 
(4 Y, z 1 , zz} is not strong we easily get a zlzz Hamiltonian path of D - 
(x, y> and hence an xy Hamiltonian path of D, so assume D - {x, y, zl, zz} 
has a Hamiltonian cycle uluz ... u,+~ , where z = u1 . If D - {x, y> has a 
Hamiltonian path connecting z1 and z2 , we get an xy Hamiltonian path of D, 
so assume the opposite. Since z1 and z2 both dominate u1 we conclude as in 
the proof of Theorem 2.1 that they both dominate u, and then that they both 
dominate u,-~ etc. So z1 and z2 each dominate each vertex of D - (x, y, zl, z,>. 
Some vertex ui of this digraph dominates y and now either xz1zsui+l a.* uiy 
or XZzZlUf+l *** Uiy is a Hamiltonian path of D. This completes the proof in 
the case where D - x is 2-connected. 
So in what follows we assume that D - x is not 2-connected, i.e., D - x 
contains a vertex z’ such that D - {x, z’} has components D, , D2 ,..., DI, , 
k >, 2. If possible, we select z’ such that x dominates z’. It is easy to find an 
xz’ Hamiltonian path, so assume y E V(D,), 1 < m < k. 
Assume first m = k. It is then easy to find an xy Hamiltonian path uOuluz ... 
u,-~u,-~ of D - z’. Suppose that this path cannot be augmented so as to 
include z’ as well. Then there exists an integerj such that z’ does not dominate 
any ui with i > j and is not dominated by any ui with i < j. In particular, x 
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does not dominate z’. By the choice of z’, D - (x, ul} is strong so z’ dominates 
u2 . Also, D - {x, y} is strong, so ~4,~~ dominates z’. Let i,, be the smallest 
integer s.t. ui, is in Dx: . Then i,, 3 2. If i, = n - 2, y is dominated by all 
vertices except possibly x and z’. In this case we consider a Hamiltonian 
cycle of T - (x, y>, and by using the fact that x dominates at least two vertices 
of this cycle and that y is dolinated by all vertices of the cycle except possibly 
one, it is easy to describe an xy Hamiltonian path. So we can assume that 
i, < n - 2. NOW u1 dominates Ui, , and uiOml dominates y. So if i. 3 3, 
then D has the xy Hamiltonian path UoU1Ui,Ui,+l a** u~-~z’u~u~ **. ui,-lu,-2 , 
so assume i. = 2. In particular k = 2 and D, consists of u1 only. Without 
loss of generality we can assume that the segment of the path uoul ... u,-, 
which is in DI, = D, is part of a Hamiltonian cycle of Dz . So uzu3 .a. u+~u~ 
is a Hamiltonian cycle of D, . By the assumption of the theorem, u,-, = y is 
dominated by at least three vertices of D - x. So there is an i, 2 < i -=c n - 3, 
such that ui dominates y. But then D has the xy Hamiltonian path XZQU~+~ 
%+2 ‘.’ Un--3Z’U2U3 ‘* * uiy and the proof is complete in the case where y is in 
VW. 
So assume y E V(Dm), where m < k. We transform D into a digraph D’ 
as follows: Delete from D V(D,+,) U V(D,+,) U *a. U V(D,). If x dominates 
z’, then delete the edge xz’. Add the edge z’x instead and also add yx and xy 
if these are not already present. Then add all edges wz’, where w  E V(D,) u 
V(D,) v ... u V(D,). We shall show that D’ has an xy Hamiltonian path. 
For this, it is sufficient to show that D’ satisfies (i) or (ii) (with z’ instead of z). 
If D satisfies (ii), then the zy path contains z’, because y E V(D,), where 
m < k and z E V(D,) U {z’}. So D’ satisfies (ii) in this case. And if D satisfies 
(i), then either D’ satisfies (i) or D’ satisfies (ii) with z’ instead of z. So it 
remains to show that D’ is 2-connected, i.e., we shall show that D’ - u is 
strong for any vertex u. If u = z’ or x this holds because each of the vertices x 
and z’ dominates some vertex of D1 and is dominated by y (in 0’). So assume 
u E V(D’)\(x, z’>. For any vertex u’ of D’ - u we show that D’ - u has a 
u’z’ path and a z’u’ path. Clearly D’ - u has a u’z’ path. (If u’ = x, there is a 
u’z’ path of length 2 having either y or a vertex of D1 as the intermediate 
vertex. If y is in D1 , y is not the only vertex of D1 dominated by x because D 
contains two internally disjoint xy paths of length > 1.) So we prove that 
D’ - u has a z’u’ path. If u’ = x this is obvious so assume u’ # x. Now, 
D - u has a z’u’ path. If this path is not in D’, then it contains x and we 
just replace a segment of this path by the edge z’x and we get a z’u’ path in D’. 
This shows that D’ is 2-connected. 
Since D’ is 2-connected and satisfies (i) or (ii), it has, by the induction 
hypothesis, an xy Hamiltonian path. This path contains an edge wz’ of D’. 
We replace this edge by a wz’ path in D with vertex set {w, z’} u V(D,+,) u 
... u V(DJ and obtain thereby an xy Hamiltonian path of D. 
The proof is complete. 
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COROLLARY 5.5. If T is a 2-connected tournament and x, y are vertices of 
T such that T has three internally disjoint xy paths of length at least 2, then 
T has an xy Hamiltonian path. 
COROLLARY 5.6. If e is an edge of a 3-connected tournament, then e is 
contained in a Hamiltonian cycle of T. 
COROLLARY 5.7. A 
connected. 
bconnected tournament is strongly Hamiltonian 
The tournaments T6* and Te* are examples of 2-connected tournaments 
containing an edge which is not contained in a Hamiltonian cycle and 
T,S, T,s are examples of 3-connected non-strongly-Hamiltonian-connected 
tournaments, so Corollaries 5.6 and 5.7 are in a sense best possible. 
By Corollary 3.6, if Tis a 3-connected tournament containing two internally 
disjoint xy paths of length 2, T has an xy Hamiltonian path unless T N T8* 
or TN T8*, so one might be tempted to conjecture that T# and T8* are the 
only 3-connected tournaments which are not strongly Hamiltonian-connected 
and similarly that T,f and Fe* are the only 2-connected tournaments not 
satisfying the conclusion of Corollary 5.6. 
The results below show that this is not so. 
THEOREM 5.8. There exist infinitely many 2-connected tournaments 
containing an edge which is not in any Hamiltonian cycle. 
Proof. Consider a tournament with components T1, T2,..., T7 such that 
T4 consists of a single vertex u and such that each other Ti is 2-connected. 
(As usual, each vertex of Ti dominates each vertex of Tj whenever 1 < i < 
j < 7.) Add three vertices x, y, z. Let x dominate u and the vertices of T6 and 
no other vertex. Let y be dominated by u and the vertices of T2 and no other 
vertex. Let z dominate each vertex of T1 and let it be dominated by each 
vertex of T7 and orient all other edges incident with z at random. It is easy to 
see that the resulting tournament T is 2-connected. Also, T has no Hamil- 
tonian cycle including the edge yx. For suppose P: xulu2 ... u,y is a Hamil- 
tonian path of T. Then either u1 # u or u, # u. Without loss of generality 
assume u1 # u. Then u1 is in T6 and hence the segment of P from x to z 
contains no vertex of T5. But this implies that T - {x, z) contains a path from 
T5 to y, which is a contradiction. 
THEOREM 5.9, There exist infinitely many 3-connected non-strongly- 
Hamiltonian-connected tournaments. 
Proof. Let T,* be the tournament with vertex set {u, , u2 ,..., u,) such that 
UlU2 **. u, is a Hamiltonian path of T,* and u,u, , u3us , upus are edges of T,* 
and all other edges are directed toward the vertex with the smallest index. 
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Now consider a tournament with components T1, T2, T3, T4 such that 
T2, T3 are 3-connected, T4 is isomorphic to T,S, and T1 is isomorphic to 
@. The vertex in T,S corresponding to Ui is denoted Et . Let x be u1 (in T4) 
and let y be Ul . Then add two vertices z1 , z2 . Let z1 dominate each vertex of 
T3 and let it be dominated by each vertex of T2. Let z1 be dominated by 
U3 , U4 , ii5 of T1 and by no other vertex of T1. Let z1 dominate u3 , u4 , u5 in T4 
and no other vertex of T4. Let z2 be dominated by every vertex of T3 and let it 
dominate every vertex of T2. Let z2 be dominated by u, and by no other 
vertex of T4 and let it dominate 21, in T1 and no other vertex of T1. Then 
reverse the orientation of the edge yx and denote the resulting tournament 
by T. We shall show that T is 3-connected and has no xy Hamiltonian 
path. 
To prove that T is 3-connected we consider any two vertices w1 , w2 of 
T and we shall show that T - {w, , w,> is strong. If {w, , w2> = (x, y} this is 
easily verified, so assume the opposite. We can assume x 4 {w, , w,>. (The 
case y 4 (w, , w,> is treated similarly.) We shall show that for every vertex u in 
T - {w, , w,} there is an xu path and a ux path avoiding w1 and w2 . If 
ZJ # u2 , then clearly there is a vx path of length 1 or 2, and since T has three 
internally disjoint u2x paths (namely, U~U~X, and U~U~X and u,z,U,x) there is in 
any case a vx path in T - {w, , w,}. Tfy q! {w, , w2), then by similar arguments, 
there is a yu path and since x dominates y, we get an xu path as well. So 
assume y = w2 . It is easy to see that T - (v, zl> and T - (u, z2} are strong 
so assume w1 # z1 , z2 . Now if v is in P (resp. T3, resp. T4), it is easy to find 
an XV path of length 3 (resp. 2, resp. 3) including z1 and avoiding w1 and w2 . 
So we consider the case where v E V(P)\(y). Now the subtournament of T 
induced by ( V( T1)\{ y, ii,}) u {z,> is almost regular and hence 2-connected, 
so it contains a .Z~ZJ path avoiding w1 (if u # ii,) and since z1 dominates U, it 
follows that T - (w, , w,> has an xu path. This proves that T is 3-connected. 
To prove that T has no Hamiltonian path from x to y suppose P is such a 
path. Let zi be the last vertex of P not in T1 and let z; be the first vertex of 
P not in T4. Then zi # zi and zi E (z, , z,} for i = 1, 2. Consider the case 
zH = z2 . Let P, be the segment of P from x to z2 . Then P, contains all 
vertices of T4 except possibly some of the vertices u3 , u4 , u5 . Since P, does 
not contain any vertex of T3 and since z1 dominates each vertex of V(T3) u 
tu3 9 u4 9 uJ, it follows that P1 cannot be the starting segment of any xy 
Hamiltonian path, a contradiction. If z1 = zi (and hence z2 = zi), then the 
proof is similar considering the segment from z2 to y. 
The proof is complete. 
As an application of Theorem 5.4 we extend the result of Goldberg and 
Moon [5] that every k-strong (i.e., k-edge-connected) tournament has at 
least k distinct Hamiltonian cycles. For this we need the following lemma. 
LEMMA 5.10. Let T be a strong tournament with n 3 3 vertices and let x0 
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be any vertex of T. Then T contains a vertex x such that every edge going out 
from x is contained in a Hamiltonian path terminating at x,, . 
Proof. We observe that the assertion of the lemma is fulfilled if every 
edge going out from x is contained in a Hamiltonian cycle of T. We prove the 
statement by induction on n. For n = 3 the statement is trivial so we procede 
to the induction step and assume n > 4. Let T’ be the terminal component 
of T - x0 . If T’ consists of one vertex v only, the statement is true with 
x = v, so assume 1 V(T’)/ > 3 and let x1 be a vertex of T’ dominating x0 . 
By the induction hypothesis T’ contains a vertex x such that every edge 
going out from x (in T’) is contained in a Hamiltonian path of T’ terminating 
at x1 . It is easy to extend this path into a Hamiltonian path of T terminating 
at x0 . (If T - x,, is not strong, it can even be extended into a Hamiltonian 
cycle of T.) If x dominates x,, , then the edge xx0 is clearly contained in a 
Hamiltonian path terminating at x,, . 
THEOREM 5.11. If T is a strong tournament, then T contains a vertex x 
such that every edge going out from x is contained in a Hamiltonian cycle. 
Proof. If T is 3-connected the statement holds for any vertex x by 
Corollary 5.6. If T contains a vertex x0 juch that T - x0 is not strong, then 
by using Lemma 5.10 and the same type of arguments as in its proofs we get 
a vertex x in the terminal component of T - x0 with the desired property. 
So it only remains to consider the case where T is 2-connected and contains a 
set A = { y1 , yz> of vertices such that T - A is not strong. We choose A in 
such a way that the terminal component of T - A is least possible. We can 
assume that y1 dominates yz . 
Consider first the case where the terminal component T’ of T - A consists 
of one vertex v only. Then we prove the statement with x = v or x = yz . 
Clearly, the edge vy, is contained in a Hamiltonian cycle, so it is sufficient 
to prove that either vyz is contained in a Hamiltonian cycle or that every 
edge of the form y,z is contained in a Hamiltonian cycle. If z belongs to the 
initial component of T - A it is easily proved that yz is in a Hamiltonian 
cycle, so assume z is in an intermediate component of T - A. If y1 is domin- 
ated by some vertex of T - (A u (v}) which in T - A can be reached from z 
by a path, then the edge yzz is contained in a yzyl path which intersects 
neither the initial nor the terminal component of T - A and hence this 
path can be extended into a Hamiltonian cycle of T. So we can assume that 
y1 dominates every vertex of T - (A u (v}) which can be reached in T - A 
by a path from z. It is easy to find a Hamiltonian cycle S of T - y1 containing 
the edge vy, . Since T is 2-connected, y1 is dominated by some vertex v’ 
distinct from v. It follows from the discussion above that v’ is on the segment 
from yz to z on S and then we can augment S and obtain a Hamiltonian cycle 
containing the edge z7yy2 . So in this case u can play the role of x. 
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So it remains to consider the case where the terminal component T’ of 
T - A has at least three vertices. We prove that in this case yZ can play the 
role of x in the theorem. For consider any edge yzz. We shall prove that T 
contains three internally disjoint zy, paths and the theorem will follow from 
Theorem 5.4. Suppose therefore that T contains no three internally disjoint 
zy, paths. Then T - (u2 , z} contains a set A’ = ( y;, J&} such that T - A’ 
has no zy, path. Since y2 is dominated by some vertex of T’, A’ must intersect 
T’. On the other hand T’ - A’ is nonempty, since 1 V(T’)j > 3. Consider 
the terminal component T” of T’ - A’. There is no edge in T - A’ from a 
vertex of this component to a vertex not in the component for then it would 
be easy to find a zy, path in T - A’. But then T” is the terminal component 
in T - A’, contradicting the minimality property of T’. 
The proof is complete. 
We conclude by observing that 2-connected non-Hamiltonian-connected 
digraphs with high minimum degree can be obtained by modifying the 
tournaments T described in the proof of Theorem 5.8. We replace each Ti 
by a complete digraph. We add all edges from T6 to u and from u to T3 and 
all edges from T6 to x and from y to T2 and we let z dominate and be domi- 
nated by all other vertices. The resulting digraph has a Hamiltonian path 
from x to y, but if we add a complete digraph “between” T5 and T6 and one 
between T2 and T3 and orient the edges incident with these complete digraphs 
appropriately, we get a semicomplete digraph with no xy Hamiltonian path. 
So we have 
COROLLARY 5.12. For each k 2 1 there exists a 2-connected non-strongly- 
Hamiltonian-connected digraph D with minimum degree > 1 V(D)/ + k. 
This shows that it is not possible to extend Ghouila-Houri’s theorem [4] 
or Meyniel’s theorem [9] to strongly Hamiltonian-connected digraphs 
without imposing some additional connectivity (or other) condition on the 
digraphs. Maybe every 3-connected digraph with n vertices and minimum 
degree >n + 1 is strongly Hamiltonian-connected, and maybe any 4-con- 
netted digraph with n vertices is strongly Hamiltonian-connected if for any 
two nonadjacent vertices of the digraph, their sum of degrees is at least 
2n + 1. This would generalize Corollary 5.7. 
By a result of Overbeck-Larish [ 11, Theorem 31 every 2-connected digraph 
with n vertices and minimum degree >n + 1 is weakly Hamiltonian- 
connected. 
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